The superAuid response of helium Alms with transition temperatures ranging from 70 mK to 0.5 K has been studied using a torsional oscillator technique. A detailed analysis of the background indicates that the initial nonsuperAuid layer has an unexpected temperature-dependent period shift and dissipation. The superfluid response obeys a general scaling law which can be derived from the Kosterlitz-Thouless theory. Comparisons with the dynamic theory reveal nonuniversal behavior as a function of coverage.
INTRODUCTION
The superAuid phase transition in thin He films on planar surfaces is generally acknowledged to be a realization of a Kosterlitz-Thouless' (KT) two-dimensional (2D) phase transition. Unlike three-dimensional (3D) or bulk helium, the "ordered" or low-temperature phase does not exhibit true long-range order, but instead exhibits a power-law decay of the order-parameter correlation length. Even with only quasi-long-range order these films can still exhibit superAuidity as indicated by macroscopic persistent currents. In the Kosterlitz- is that it can measure the superAuid density from the lowest temperatures up through the superAuid transition with a sensitivity sufhcient to examine helium films with superAuid coverages less than one monolayer. In this paper we present torsional oscillator data taken on He films with super Quid transition temperatures below 1 K. In Sec. I, we review some of the theoretical ideas necessary for the analysis of our data and we introduce the concept of scaling which is clearly evident from the data. In Sec. II we describe the experimental apparatus and procedures. Section III contains our data and analysis. In the Summary we summarize our results and discuss their implications for future experiments. The model used to calculate coverages in this paper is discussed in detail in the Appendix.
I. THEORETICAL BACKGROUND
Our approach relies on physical arguments similar to the treatment by Young. For a more detailed discussion of the Kosterlitz-Thouless theory and its application to helium films, the reader is referred to a number of excellent review articles. ' A. Static Kosterlitz-Thouless theory Although the vortex excitations in helium films are responsible for the disappearance of superAuidity, other thermal excitations such as phonons and rotons also inhuence the superAuid areal density. In particular, the initial decrease of the superfluid areal density from its 39 8934 1989 The American Physical Society 8935 =n~K oln(R/ro)+E, (T), (1.2) where R is the size of the system and Ko =p, o( T)(A'/m) .
In the above expression the core radius ro serves to cut off the divergence of the flow fields at small distances. For macroscopic systems at low temperatures, a single isolated vortex would not be energetically favorable because its energy diverges with the size of the system. On the other hand, from entropy considerations one would expect high-temperature configurations to contain a large number of vortices. To estimate the crossover temperature for these two types of behavior, consider the change in the free energy due to the addition of one vortex to the film. Since the added vortex can be placed anywhere within the area of the system the change in entropy is bS=kiiln(R Iro). Restricting our discussion to singly charged vortices (n=1), the change in the free energy is given by hF =b,E -T b,S or AF =(mKo -2k+ T)ln(R /ro). Therefore for T & T*=mKOI2kii the energy term dominates and free vortices are excluded from the system. Above T*, the free energy for adding one vortex is negative and free vortices populate the system destroying correlations on long length scales.
To correctly treat the interactions of the vortex system one must include the Bernoulli or Magnus forces on a vortex induced by the low field of the other vortices. For oppositely charged vortices, this interaction is attractive T=O value is solely due to these nonvortex excitations. It will be convenient for our discussions to define a background superfiuid areal density p, o(T) which includes all the effects of the nonvortex excitations. " As we shall see p, o( T) can be treated as a temperature-dependent coupling strength for the vortex interactions.
The vortex excitations consist of a quantized circulation fiow field around a nonsuperfiuid core. The size of this normal core is comparable to the coherence or heal- ing length which defines the length scale over which the superAuid density can change from zero to its mean value. In bulk helium, the core radius is typically on the order of atomic dimensions ( =A) for temperatures far away from the superfluid transition. The spatial dependence of the fiow field can be obtained from the quantization condition of the circulation. In order for the order parameter to be single valued, the Aow must satisfy the condition J v, dl=2mn(4'/m), I where I is any closed contour and n is an integer which specifies the amount of vorticity within the contour. Applying Eq. (1.1) to a single vortex, we find that the superfluid velocity around the vortex falls off as the inverse of the distance from the center; that is v, =+n (A'Im)(1/r), where in this context n can be thought of as the "charge" or strength of the vortex.
The energy of the vortex has two principal contributions; one comes from the kinetic energy of the Aow field and the second comes from a temperature-dependent (1/r), the kinetic energy of the total fiow field no longer diverges with the size of the system but instead remains finite. To first order, the energy of the bound pair depends logarithmically on the separation r between the vortices, E, ;, =2mn Koln(r/ro)+2E, (T) .
(1.3) Given a finite self-energy, bound vortex pairs can exist in the film even at low temperatures. In the limit of a small number of pairs so that interactions between pairs can be ignored, the equilibrium density of pairs with a given separation r can be described by a Boltzmann distribution. Assuming individual vortex cores do not overlap, the number of possible sites for the first vortex is just the area of the system divided by the area of the core: R /ro. Similarly the number of possible sites for the second vortex of the pair within an annular region a distance r from the first is 2mr dr jro. Using the expression for the energy of a pair, the areal density for vortex pairs with separation r can therefore be approximated by (1. 4) e(r) =1+4m. y(r), y(r)= J dr'a(r')n(r'), Once an excitation spectrum is chosen based on the data then to obtain the normal density p"o( T) one follows the usual Landau prescription,
These arguments can equally be applied to the results
where we have used the scaling relation for the core ener-
which can be solved for p, (T) given C( T). C( T), in turn, can be evaluated from Eq. (1.14), i.e. , E,(T, ) The torsional motion is driven and detected by means of two capacitor electrodes at the top of the cell. A massive brass block ( =2 kg) bolted to the same copper base plate as the cell supports the external electrode structure. The gap between the external and bias electrodes was set at 3 -4 mil to achieve a capacitance of 1.5 -2.0 pF.
The electronic feedback circuit which drives the oscillator on resonance is shown in Fig. 3 A PDI (proportional-differential-integral) regulator controls an electrical heater noninductively wrapped on the copper platform. The short-term temperature stability was found to be approximately 3pK at 100 mK and 20 pK at 1 K.
With the temperature of the copper platform stabilized, the oscillator period requires only about 4 min to come into equilibrium, whereas, because of the large Q, 10 -15 min were required for the amplitude. By averaging the period over 100 sec the short-term stability of the period was found to be +2 psec (hP/P =+3 X 10 ).
The long-term drift was less than 2 psec/h. The amplitude had a short-term stability of 6 A /3 =+2 X 10 but could drift at rates as large as 3X10 /h. Fig. 9 . For the rest of our analysis we shall assume that this anomalous background can be treated as a property of the inert layer and therefore should be subtracted from the data with the empty cell background. To make the subtraction the composite backgrounds are fitted to polynomial functions of the temperature. The difference between the fitted curves and the data is comparable to the uncertainty in the original data (AP/P =+3X10 and b, g '/Q ' =+5 X 10 ). Another important aspect of the analysis is the mass sensitivity of the oscillator. In principle this can be calculated from the moment of inertia of the cell but this method only gives results that are good to about 10%. In practice it must be measured by recording the period shift as helium is added to the cell. Two such calibration runs, made at different temperatures, will be described since each has its own advantages and systematic errors.
The first calibration was done at 1.3 K (Fig. 10) In this region we must subtract from the total coverage the total amount of helium in the gas. In addition the contributions of the gas to the total period must also be removed.
The period shift due to the gas can be calculated from the coefficient (dP/dn) & and the amount of gas within the cell. The size of these corrections is shown in Fig. 10 The dissipation maxima are also shifted to much lower temperatures.
Although the peaks continue to broaden with increasing drive, the height of the peaks decreases.
In Fig. 13 , we plot the width of each peak measured at half the maximum dissipation as a function of the velocity. Although this measure is somewhat inappropriate for the higher drive traces it does provide a guide to the overall behavior. We find that the velocity scale for nonlinear behavior is comparable to that observed in thicker films. In our previous studies of a film with T "k = 1.3 K, the width of the dissipation peak increased only by 10% at a substrate velocity of 0.5 cm/sec. In addition the dissipation maximum did not change appreciably over the range examined; 0.015 to 0.5 cm/sec. We conclude from these measurements that the linear region extends to much higher velocities than initially reported by Bishop and that these nonlinear effects become more pronounced at lower coverages.
As is indicated by Fig. 13 E'",=2vrn Koe '(r)ln(r/ro)+2E, (T) - [(h/m) (p""d=0.191 g/cm ) , this coverage corresponds to a thickness of 5.8 A or about 1.6 atomic layers (one atomic layer is arbitrarily taken to be 3.6 A). The conversion of coverage into layers in Fig. 14 This break in the coverage dependence of T "k may indicate a modification in the normal density of the helium film. In our experiment, this change occurs approximately at one atomic layer above the nonsuperAuid layer. We conjecture that as the superAuid layer exceeds one layer, new degrees of freedoms or modes are possible for the system. %'ith the appearance of these low energy excitations the transition temperature occurs at a lower temperature than would have been expected based on the trend established by lower coverages.
To avoid possible complications inherent in the thicker films, we examine in detail only those films with coverages less than one active superAuid layer. Table II lists the parameters for these data. We have defined the active layer coverage %""" to be that coverage in excess of the nonsuperfiuid layer as determined from the extrapolation described above. The average separation between atoms is calculated assuming a closed-packed structure.
The period and amplitude data for these coverages are shown in Figs. 15 The coverage dependence of the dissipation peaks in Fig. 18 exhibits an interesting nonsystematic behavior. The dissipation peak of the lowest coverage (average 0 atomic separation =13 A) is relatively broad with an asymmetric tail extending to lower temperatures. At this low coverage, the helium film is probably very sensitive to the imperfections in the Mylar substrate and is therefore spatially inhomogeneous.
Increasing the coverage slightly (coverage no. 2) dramatically sharpens the dissipation peak consistent with our expectations that higher coverages would be less sensitive to imperfections in the substrate. The behavior of the next three coverages, however, contradict this simple explanation as they all exhibit small and broad peaks. Because these peaks are much more symmetric about T "k we believe that this broadening has a different origin than the broadening observed for the lowest coverage. Overall, these dissipation peaks, including that of coverage no. 2, are significantly broader when compared with the dissipation peaks of films with T "k )1 K. For example the relative width of the dissipation peak of coverage no. 5 is 5T/T "k =0.04, whereas for a much thicker film hT/T~"k is less than 0.003.
Another interesting feature of the data is the residual dissipation found below T""k. This dissipation is also observed in higher coverage data but is not explained by the AHNS theory. Within the accuracy of our measurements the residual dissipation is the same for each coverage, Although this dissipation is temperature dependent it appears to be independent of the superAuid coverage of the film. With these modifications the scaling relations become
In Fig. 19 we show the scaled data 26P/PT""k and b, g '/T~""plotted versus T/T""k for each coverage.
To emphasize the scaling behavior, the data for each coverage are superimposed in Fig. 20 where no is the condensate density.
To reproduce the observed scaling it is su%cient to define the sound veloci- where we have again used our previous arguments to replace T* with T""k. The significance of these scaling relations is that they are valid over the entire range of the data.
In fitting our data we find the inclusion of a surface ro- 2, no. 3, no. 4, and no. 5 and then multiplying by T~"z =0.8
K to obtain an effective superAuid density curve. By plotting [Tln(PO/P)] '~a gainst (P/T) we determine both the van der %'aals constant, a, and the volume of the system V. In Fig. 24 
